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Figure 2: Percentage of examples labeled as having
the “same meaning”. In high frequency words, cosine
similarity-based predictions (blue/left) on average un-
der-estimate the similarity of words as compared to hu-

| man judgements (green/right).
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Figure 1: Illustration of the large variability of item-item cosine similarities
cosSim(B, B) on the same data due to different modeling choices. Left: ground-
truth clusters (items are sorted by cluster assignment, and within each cluster
by descending baseline popularity). After training w.r.t. Eq. which allows
for arbitrary re-scaling of the singular vectors in V., the center three plots show
three particular choices of re-scaling, as indicated above each plot. Right: based
on (unique) B obtained when training w.r.t. Eq.
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Discussion
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Remedies and Alternatives
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Figure 1: Left: The gradients w.r.t. z; in Proposition | and Corollary 4 exclusively exist in the
tangent space at z;. Right: The growing embeddings in Corollary 2. Blue points represent z; at
iterations ¢ = 1, 2, 3. Yellow points represent z., i.e. the result of each step of gradient descent.

<9>



Is Cosine-Similarity of Embeddings Really About Similarity?

S N »
NPT TS

PEKING UNIVERSITY

Remedies and Alternatives
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« Invariance to Magnitude  cos.sim(u,v) :=

e[

« Semantic Expressivity Through Directionality

L=—

log o ( v, wVe)

« Compatibility with Contrastive Losses

exp(sim(w,v)/T)

S, exp(sim(u, v;)/7)

LinroNCE = — log

« Mitigating the Curse of Dimensionality

Manifold Interpretation: Cosine Lives on the Sphere
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Not All Angles Are Created Equal

Vector norms frequently encode:

Certainty or alignment strength in multimodal embeddings such as CLIP

Informativeness in word embeddings ||x|| — certainty, salience, or informativeness,

Prediction confidence or token salience in contextual models % — semantic direction.

Anisotropy(ZRI&1%) in Embedding Space
Frequency Bias in Token-Level Embeddings COS_SIM (Whigh-freq, w') < COS_SIM (Wiow-freq, W)
Hubness in High Dimensions N (v, k) > W ZN u, k)

ueV

Loss of Calibration and Semantic Granularity

Empirical Failure Scenarios:

Sentence embeddings dominated by high frequency or function words yield misleadingly high similarity scores
between unrelated texts.

Cross-modal embeddings, such as those produced by CLIP, can overvalue syntactically similar prompts, even
when their semantic intent diverges.

Indistinguishable similarity scores for weak and strong hypotheses due to shared directionality.
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Norm-Aware Similarity Functions
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SCALED_SIM(X,y) = -

Post-Hoc Isotropization and Whitening

« Mean-Centering: Subtracting the dataset mean from each embedding to remove the dominant direction.
« Whitening: Applying a linear transformation to normalize the covariance matrix to the identity.
» Principal Component Removal: Dropping the top-k directions with the most variance, which often dominate and

distort similarity metrics.

Query-Normalized Adjustments for Retrieval

- cos_sim(q,d) — u
5(q, ) = SO SML D =
q

Hybrid Measures and Angular—Radial Decoupling

« Radially Weighted Angles: Similarity functionshat modulate cosine scores using norm-based confidence weights.
» Feature Augmentation: Concatenating X and || x || as distinct features in downstream scoring models.
* Norm-Sensitive Training: Contrastive objectives that incorporate penalties or regularization on vector norms.
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